The longitudinal single bunch collective effects in a Muon Collider [ 13 ring are theoretically examined. The situation involves an intense bunch, a short bunch, a small momentum compaction, a rather large impedance compared with the stability threshold criterion, and a luminosity life time limited by muon decay to a thousand turns. Qualitative descriptions of stability are given and a scaling law for the instability threshold is derived. Numerical simulation results for the impedance-related instabilities are given for two cases of current interest -a 250 GeV x 250 GeV demonstration machine and a 2 TeV x 2 TeV high energy machine. The results of these simulations are in good agreement with the predictions of the scaling law and show that the longitudinal collective effects are controllable with a proper choice of parameters (viz. rf voltage, rf frequency, linear and non-linear longitudinal chromaticity).
LONGITUDINAL BEHAVIOR
A ring with a high degree of isochronicity (i.e. a small slippage factor 171 = IpdC/Cdp -1/-y21 = where -y = l / d v , p is the particle momentum, and C is the circumference of the ring) is needed to satisfy the requirement of a short bunch with a practical rf system [ 11. However, small 171 implies small longitudinal Landau damping. Small 171 also implies that the static effect of the longitudinal wake force causing potential-well distortion of a beam is important. The longitudinal motion of the beam is one of the main concerns for a muon collider ring [2] .
A large number of accelerator parameters enter into the description of longitudinal beam motion. Although each of these impacts the analysis of beam stability, the values of many of them are fixed by considerations that do not involve beam stability, and they are not available for manipulation to improve the beam stability situation. Some examples of the fixed parameters are: beam energy, circumference, peak beam current, bunch length, momentum spread etc.. However, there remain a few free parameters that can be adjusted for longitudinal beam stability. They are: the lowest order and higher orders of the slippage factor, i.e., 71, 72, 7 3 ; the supply of rf energy per turn, eV,f; and the wavelength of rf, X, f . Here, the slippage factor is expaned as 7 = 71 + 726 + q362, where IS = d p / p . In this study, we use multi-particle simulations [3] to search for a workable operation region in the parameter space: * 7 1 , 7 2 , 7 3 , (V,f/X,f).
A key ingredient in these analyses . Effects of Landau damping, potential-well distortion, nonlinear synchrotron oscillation, longitudinal microwave instability, and also, intensity decrease due to mu-decay, are all included in the simulations. Since the muon storage time is typically only a thousand turns, the system is in a transient state. The choice of storage ring working point will be seen to depend on the tolerance for bunch lengthening and energy spreading during the storage time.
How isochronous? The value of 171 I.
Simulations show that the most suitable values of (when 72 = 7 3 = 0 ) are: , , ,
for the 2 TeV machine and , , ,
for the 250 GeV machine, which for resonable rf voltage gives tolerable bunch centroid drift, energy spread growth, and bunch lengthening, compared to smaller V I . This is simply because larger 1711 gives faster Landau damping, where the Landau damping rate can be approximated as 7 i 1 = n (~, = n q l w o o s [7] . Our simulations show that, the regime of lvll 5 freezes the z-motion but engenders in the &motion a correlated growth of (TJ which quickly exceeds the lattice momentum acceptance. The regime of 1711 2i 1711 smears the wake field-energy correlation and reduces the growth of momentum spread and bunch lengthening. Increasing 71 further to 1771 I > Iqfl results in unreasonably large rf voltage (to match the phase space) for acceptable bunch length and momentum spread.
How much rf?
The value of V,f/X,f.
Since increasing the rf gradient results in improved compenstation of the variation of wake potential across the bunch, the problem of longitudinal behavior in the muon collider rings can be ameliorated by employing a large V,f/A,.f. Furthermore, for a given V,.f/X,f, the value of V, f will be reduced by using a high rf frequency. However, there are two restrictions: (1) width of the rf bucket needs to be large enough, where Azhcket = X, f >> a,;
and (2) beam loading due to the rf-cavity impedance cannot be too large, where ~B L (=energy-loss per particle per eV,p) is scaled approximately by l/X:f [6]. For the cases we have examined we find that a S-band rf (f,f = 3GHz) is a suitable candidate, compromising the requirements of a large V, f slope, a large enough rf bucket width (AzSep = lOcm N 33a,), and a small enough beam loading factor (~B L M 33%, obtained by numerical calculation of the energy loss of a Gaussian beam due to the rf cavity) [6]. Simulations show that one needs approximately 450 MeV of eV,f for the 2 TeV machine and about 25 MeV for the 250 GeV machine to suppress the large excitations of bunch length and bunch energy spread. The requirement for large V,f/X,f can, alternatively, be achieved by using two rfcavities. One cavity with higher frequency (X-band) provides large rf voltage gradient across the bunch (even if the cavity is overloaded), and the second cavity with lower frequency (S-band) supplies the beam energy lost due to interaction with impedance of the cavities and the ring [8]. Via this scheme, the total V, f needed could perhaps be reduced. Detailed examination is underway.
Above or below transition? The sign of 771.
Simulations show that operation of the ring below transition 771 < 0 produces less bunch-lengthening and energyspreading than operation above transition 771 > 0. A possible explanation is that when 771 < 0 (> 0), the bunch tends to lean backward (forward) due to the potential-well distortion. The bunch tail thus experiences less (more) wake force generated by the bunch head. Consequently, the bunch tail lengthens less (more). Of course, this could depend on the impedance models, bunch length, and how bunch frequency spectrum overlaps with an impedance spectrum. Detailed discussions on the effect of negative 7 7 1 can be found in Ref. [9] .
called "a-bucket" appears when 772 is larger than some critical value. It is clear that the lattice design should have the value of 772 minimized to avoid the LHT instability and reduction of longitudinal phase space acceptance.
Effects of nonlinear longitudinal chromaticity: 773.
It has been shown in a study of the transverse head-tail instability [ 1 11, that the nonlinear transverse chromaticity plays role similar to the varying transverse chromaticity (modulated by a synchrotron period), in which an otherwise accumulating head-tail phase is cancelled during the modulation. Similar to its transverse counterpart, the nonlinear longitudinal chromaticity 773, in contrasted to 772, does not cause the LHT instability but contributes an incoherent frequency spread that provides Landau damping. Our simulations show that, 773 can help decrease energyspreading of the bunch, when 771 < low6 and the synchrotron oscillaton period is longer than the storage time.
Effects of beam-beam interaction
There are two longitudinal effects from the classical beambeam interaction that could degrade the beam luminosity. The first is the hourglass effect for centered collisions, in which the luminosity decreases when U, grows at fixed p'. This could occur when there is bunch lengthening due to microwave instability, or phase space mismatch. The second is the hourglass effect for longitudinally displaced collisions at the IP (Interaction Point). This could occur when there are bunch centroid shifts due to the potential-well distortion, rf phasing errors or injection timing errors [ 13. Control of the bunch length and bunch centroid, described above, is therefore important to prevent these sources of luminosity degradation.
SCALING LAW FOR THE LONGITUDINAL STABILITY THRESHOLD
We examine the longitudinal behavior of 250 GeV x 250 GeV and 2 TeV x 2 TeV machines with a scaling law for the impedance threshold. The parameters essential to the scaling of the stability threshold are listed in Table 1 . First we examine the scaling law for the energy spread (by using the low current matching condition):
Effects of longitudinal chromaticity: 772.
The longitudinal chromaticity 772 /q introduces energy dependence into the synchrotron frequency in a way exactly analogous to the energy dedendence of the betatron frequency described by transverse chromaticity. Similarly, the transverse head-tail instability due to the transverse chromaticity has a longitudinal counterpart -the longitudinal head-tail instability (LHT) driven by longitudinal chromaticity. The head-tail instabilities have no stability thresh- If we increase 1 7 7 1 1 by a factor of 35 for the 250GeV machine, then V,f/X,f needed (to satisfy the matching condition) becomes a factor of 10 smaller, and IZil/nIt,, a factor of 5.83 larger. If the ring impedance of the low energy collider is below this threshold, then the wake voltage no longer dominates the longitudinal dynamics, and the matching condition needs to be approximately preserved. The scaling laws, from Eqs. (1) to (4), are thus selfconsistent. Simulations show that the longitudinal behavior of the 250GeV machine is much easier to control.
, I
Bunch length uz (cm) 0.3 0.8 ~ Bunch energy spread 6 6 (%) 0.15 0.15
CONCLUSION
Based on an estimate for the impedance and results of multi-particle slmulations, we conclude that the longitudinal behavior in the Muon Collider rings can be controlled to a level that the luminosity will not be significantly degraded. The parameters for the rings are presented in Table  1 . Results of simulation for the longitudinal behavior are shown in Figs. 1 and 2.
